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u∗ = − (Kc,1y1 + b1)
a1
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y˙∗2 = a2u
∗ + b2 (
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y˙2 − y˙∗2 = −Kc,2(y2 − y∗2) ⇒ e˙2 = −Kc,2e2 !(
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u = u∗ + u˜ (
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y˙2 = y˙∗2 −Kc,2(y2 − y∗2)
= a2u∗ + b2 −Kc,2(y2 − y∗2)
= −a2
a1
(Kc,1y1 + b1) + b2 −Kc,2(y2 − y∗2)
⇓
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a2u + b2 = −a2
a1
(Kc,1y1 + b1) + b2 −Kc,2(y2 − y∗2)
⇓
u = u∗ + u˜ = −Kc,1y1 + b1
a1
− Kc,2(y2 − y
∗
2)
a2
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χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1), bˆ1 = χ1 + Ko,1y1  (
χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2), bˆ2 = χ2 + Ko,2y2  (
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u = u∗ + u˜, u∗ = − (Kc,1 + Ko,1)y1 + χ1
a1
, u˜ = −Kc,2(y2 − y
∗
2)
a2
%(
y˙∗2 = a2u
∗ + χ2 + Ko,2y2 %(
χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1) %"(
χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2) %(
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y˙1 = a1u + b1
= −(Kc,1 + Ko,1)y1 − χ1 −Kc,2a1
a2
(y2 − y∗2) + χ1 + Ko,1y1
= −Kc,1y1 −Kc,2a1
a2
(y2 − y∗2) &(
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χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1)
= −Ko,1χ1 −Ko,1
(
(Kc,1 + Ko,1)y1 + χ1 −Kc,2a1
a2
(y2 − y∗2) + Ko,1y1
)
= −Kc,2Ko,1a1
a2
y∗2 + Kc,1Ko,1y1 + Kc,2Ko,1
a1
a2
y2
χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2)
 '" " 
= −Ko,2χ2 −Ko,2
(
−a2
a1
(Kc,1y1 + b1)−Kc,2(y2 − y∗2) + Ko,2y2
)
= −Ko,2a2
a1
χ1 −Ko,2χ2 −Kc,2Ko,2y∗2 + Ko,2(Kc,1 + Ko,1)
a2
a1
y1
+ Ko,2(Kc,2 −Ko,2)y2
y˙∗2 = a2u
∗ + χ2 + Ko,2y2 = −a2
a1
((Kc,1 + Ko,1)y1 + χ1) + χ2 + Ko,2y2
= −a2
a1
χ1 + χ2 − a2
a1
(Kc,1 + Ko,1)y1 + Ko,2y2
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⎡
⎣ χ˙1χ˙2
y˙∗2
⎤
⎦ =
⎡
⎣ 0 0 −Kc,2Ko,1
a1
a2
Ko,2
a1
a2
−Ko,2 −Kc,2Ko,2
−a1a2 1 0
⎤
⎦
⎡
⎣ χ1χ2
y∗2
⎤
⎦
+
⎡
⎣ −Kc,1Ko,1 −Kc,2Ko,1
a1
a2−Kc,2(Kc,1 + Ko,1)a2a1 Ko,2(Kc,2 + Ko,2)−a2a1 (Kc,1 + Ko,1) Ko,2
⎤
⎦[ y1
y2
]
[
u∗
u˜
]
=
[
− 1a1 0 0
0 0 Kc,2a2
]⎡⎣ χ1χ2
y∗2
⎤
⎦+
[
−Kc,1+Ko,1a1 0
0 −Kc,2a2
] [
y1
y2
]
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uS = sat(u, u−, u+) = u + ΔuS (
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u∗S = sat(u
∗, u−, u+) = u∗ + Δu∗S !4(
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χ˙1 = −Ko,1χ1 −Ko,1(a1uS + Ko,1y1)
= −Ko,1χ1 −Ko,1(a1u + Ko,1y1)−Ko,1a1ΔuS
= −Kc,2Ko,1a1
a2
y∗2 + Kc,1Ko,1y1 + Kc,2Ko,1
a1
a2
y2 −Ko,1a1ΔuS
χ˙2 = −Ko,2χ2 −Ko,2(a2uS + Ko,2y2)
$4 '3	  ' 3
= −Ko,2χ2 −Ko,2(a2u + Ko,2y2)−Ko,2a2ΔuS
= −Ko,2a2
a1
χ1 −Ko,2χ2 −Kc,2Ko,2y∗2 + Ko,2(Kc,1 + Ko,1)
a2
a1
y1
+ Ko,2(Kc,2 −Ko,2)y2 −Ko,2a2ΔuS
y˙∗2 = a2u
∗
S + χ2 + Ko,2y2 = a2(u
∗ + Δu∗S) + χ2 + Ko,2y2
= −a2
a1
((Kc,1 + Ko,1)y1 + χ1) + χ2 + Ko,2y2 + a2Δu∗S
= −a2
a1
χ1 + χ2 − a2
a1
(Kc,1 + Ko,1)y1 + Ko,2y2 + a2Δu∗S
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⎣ χ˙1χ˙2
y˙∗2
⎤
⎦ =
⎡
⎣ 0 0 −Kc,2Ko,1
a1
a2
Ko,2
a1
a2
−Ko,2 −Kc,2Ko,2
−a1a2 1 0
⎤
⎦
⎡
⎣ χ1χ2
y∗2
⎤
⎦
+
⎡
⎣ −Kc,1Ko,1 −Kc,2Ko,1
a1
a2
−Ko,1a1 0
−Kc,2(Kc,1 + Ko,1)a2a1 Ko,2(Kc,2 + Ko,2) −Ko,2a2 0−a2a1 (Kc,1 + Ko,1) Ko,2 0 a2
⎤
⎦
⎡
⎢⎢⎣
y1
y2
ΔuS
Δu∗S
⎤
⎥⎥⎦
[
u∗
u˜
]
=
[
− 1a1 0 0
0 0 Kc,2a2
]⎡
⎣ χ1χ2
y∗2
⎤
⎦+
[
−Kc,1+Ko,1a1 0 0 0
0 −Kc,2a2 0 0
]⎡⎢⎢⎣
y1
y2
ΔuS
Δu∗S
⎤
⎥⎥⎦
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χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1) !(
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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a1u = a1(u∗ + u˜)
= −(Kc,1 + Ko,1)y1 − χ1 −Kc,2a1
a2
e2 !(
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!(  ;	 - χ1 "   
-2H
χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1)
= −Ko,1χ1 −Ko,1
(
−(Kc,1 + Ko,1)y1 − χ1 −Kc,2a1
a2
e2
)
= Kc,1Ko,1y1 + Kc,2Ko,1
a1
a2
e2
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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⇓
χ1 = Kc,1Ko,1
∫
y1 dt + Kc,2Ko,1
a1
a2
∫
e2 dt !!(
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u = u∗ + u˜ !(
u∗ = −Kc,1 + Ko,1
a1
y1 − Kc,1Ko,1
a1
∫
y1 dt− Kc,2Ko,1
a2
∫
e2 dt !(
u˜ = −Kc,2
a2
e2 !"(
0" e2 = y2 − y∗2   ,/' "6	 ;	 -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2H
y˙∗2 = a2u
∗ + χ2 + Ko,2y2 !$(
5+ !$( 	 3
χ2 = y˙∗2 − a2u∗ −Ko,2y2 ! (
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χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2) !%(
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χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2)
= −Ko,2(y˙∗2 − a2u∗ −Ko,2y2)−Ko,2(a2u + Ko,2y2)
= −Ko,2y˙∗2 −Ko,2a2u˜
= −Ko,2y˙∗2 + Kc,2Ko,2e2
⇓
χ2 = −Ko,2y∗2 + Kc,2Ko,2
∫
e2 dt !&(
9 3 3 3  ;	 - a2u
∗
    5+ !$( "
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 u∗  5+ !( 
a2u
∗ = −a2
a1
(
(Kc,1 + Ko,1)y1 + Kc,1Ko,1
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 
1 -" - 3 "1 " u˜ ,    5+ $( 
# u∗  u˜   			1 -"H 3 3     u∗
 3 3  y1(a1u∗+ b1)  21   u˜ -  3  23
$ '7 "   '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 1	 -" $%
3  (a1y1 + a2e2)u˜  	 " - 	1  "1 "
"  "3 3     3 -2H
u∗ = −Kc,1y1 + b1
a1
$!(
u˜ = −Kc,2
(
a1
a22
y1 +
1
a2
e2
)
$!(
,- 5+ $!(  5+ $!( ;	    5+ 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 6
"  #  00  32  3 -2H
V˙(y1, e2) = y1(a1u∗ + b1) + (a1y1 + a2e2)u˜
= y1
(
a1
(
−Kc,1y1 + b1
a1
)
+ b1
)
+ (a1y1 + a2e2)
(
−Kc,2
(
a1
a22
y1 +
1
a2
e2
))
= y1(−Kc,1y1 − b1 + b1)−Kc,2a1y1 + a2e2
a2
(
a1
a2
y1 + e2
)
= −Kc,1y12 −Kc,2
(
a1
a2
y1 + e2
)2
$(
,  " 3 5+ $(  +   1 - (y1, e2) = (0, 0)  
23  3   #  (0, 0)  + 3 "
"  2  3"  
V˙(y1, e2) = −Kc,1y12 −Kc,2
(
a1
a2
y1 + e2
)2
≺ 0 $$(
' $4(  $$(  3 3 "
u = u∗ + u˜ = −Kc,1y1 + b1
a1
−Kc,2
(
a1
a22
y1 +
1
a2
e2
)
$ (
  '7 - 3 1 (
3 "6	 1" -" 1 5+ $ ( H
y˙1 = a1u + b1 = a1
(
−Kc,1y1 + b1
a1
−Kc,2
(
a1
a22
y1 +
1
a2
e2
))
+ b1
= −Kc,1y1 − b1 −Kc,2
((
a1
a2
)2
y1 +
a1
a2
e2
)
+ b1
= −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y1 −Kc,2a1
a2
e2 $%(
e˙2 = y˙2 − y˙∗2 = a2u + b2 − a2u∗ − b2 = a2u˜ = −a2Kc,2
(
a1
a22
y1 +
1
a2
e2
)
$& '3	  ' 3
= −Kc,2
(
a1
a2
y1 + e2
)
$%(
 2  - 3 "" " b1  b2 "  "1  33 3
-2 #  H
χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1), bˆ1 = χ1 + Ko,1y1 $&(
χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2), bˆ2 = χ2 + Ko,2y2 $&(
71 > 5+ $( 5+ $ (  5+ $&( 3 # 3	
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	 
   
u = u∗ + u˜ = −Kc,1y1 + b1
a1
−Kc,2
(
a1
a22
y1 +
1
a2
e2
)
$(
y˙∗2 = a2u
∗ + Ko,2y2 + χ2 $(
χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1) $"(
χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2) $(
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 5  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 #3     
 
    χ1  χ2       	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∗
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6
χ˙1 = −Ko,1χ1 −Ko,1(a1u + Ko,1y1)
= −Ko,1χ1 −Ko,1
(
−(Kc,1 + Ko,1)y1 − χ1 −Kc,2 a1
a22
(a1y1 + a2(y2 − y∗2))
)
−Ko,12y1
= −Kc,2Ko,1a1
a2
y∗2 +
(
Kc,2Ko,1
(
a1
a2
)2
+ Kc,1Ko,1
)
y1 + Kc,2Ko,1
a1
a2
y2
χ˙2 = −Ko,2χ2 −Ko,2(a2u + Ko,2y2)
= −Ko,2χ2 −Ko,2
(
−a2
a1
(Kc,1y1 + b1)−Kc,2 1
a2
(a1y1 − a2e2) + Ko,2y2
)
= −Ko,2a2
a1
χ1 −Ko,2χ2 −Kc,2Ko,2y∗2 + Ko,2
(
(Kc,1 + Ko,1)
a2
a1
+ Kc,2
a1
a2
)
y1
+ Ko,2(Kc,2 −Ko,2)y2
y˙∗2 = a2u
∗ + χ2 + Ko,2y2 = −a2
a1
((Kc,1 + Ko,1)y1 + χ1) + χ2 + Ko,2y2
= −a2
a1
χ1 + χ2 − a2
a1
(Kc,1 + Ko,1)y1 + Ko,2y2
$ '7 "   ' 1	 -" $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6⎡
⎣ χ˙1χ˙2
y˙∗2
⎤
⎦ =
⎡
⎣ 0 0 −Kc,2Ko,1
a1
a2
Ko,2
a1
a2
−Ko,2 −Kc,2Ko,2
−a1a2 1 0
⎤
⎦
⎡
⎣ χ1χ2
y∗2
⎤
⎦
+
⎡
⎢⎣ Kc,2Ko,1
(
a1
a2
)2
+ Kc,1Ko,1 −Kc,2Ko,1 a1a2
(Kc,1 + Ko,1)a2a1 + Kc,2
a1
a2
Ko,2(Kc,2 + Ko,2)
−a2a1 (Kc,1 + Ko,1) Ko,2
⎤
⎥⎦[ y1
y2
]
[
u∗
u˜
]
=
[
− 1a1 0 0
0 0 Kc,2a2
]⎡
⎣ χ1χ2
y∗2
⎤
⎦+
[
−Kc,1+Ko,1a1 0
−Kc,2 a1a22 −
Kc,2
a2
] [
y1
y2
]
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	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
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 " uS 
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uS = sat(u, u−, u+) = u + ΔuS  4(
 3 "1 	 6	    1 3 
	1 " " # H
u∗S = sat(u
∗, u−, u+) = u∗ + Δu∗S  (
&' 1 5   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χ˙1 = −Ko,1χ1 −Ko,1(a1uS + Ko,1y1)
= −Ko,1χ1 −Ko,1(a1u + Ko,1y1)−Ko,1a1ΔuS
= −Ko,1χ1 −Ko,1
(
−(Kc,1 + Ko,1)y1 − χ1 −Kc,2 a1
a22
(a1y1 + a2(y2 − y∗2))
)
−Ko,12y1 −Ko,1a1ΔuS
= −Kc,2Ko,1a1
a2
y∗2 +
(
Kc,2Ko,1
(
a1
a2
)2
+ Kc,1Ko,1
)
y1 + Kc,2Ko,1
a1
a2
y2
−Ko,1a1ΔuS
χ˙2 = −Ko,2χ2 −Ko,2(a2uS + Ko,2y2)
= −Ko,2χ2 −Ko,2(a2u + Ko,2y2)−Ko,2a2ΔuS
= −Ko,2χ2 + Ko,2a2
a1
(Kc,1y1 + χ1 + Ko,1y1) + Kc,2Ko,2
1
a2
(a1y1 − a2(y2 − y∗2))
−Ko,2y2 −Ko,2a2ΔuS
 4 '3	  ' 3
= −Ko,2a2
a1
χ1 −Ko,2χ2 −Kc,2Ko,2y∗2 + Ko,2
(
(Kc,1 + Ko,1)
a2
a1
+ Kc,2
a1
a2
)
y1
+ Ko,2(Kc,2 −Ko,2)y2 −Ko,2a2ΔuS
y˙∗2 = a2u
∗
S + χ2 + Ko,2y2 = a2(u
∗ + Δu∗S) + χ2 + Ko,2y2
= −a2
a1
((Kc,1 + Ko,1)y1 + χ1) + χ2 + Ko,2y2 + a2Δu∗S
= −a2
a1
χ1 + χ2 − a2
a1
(Kc,1 + Ko,1)y1 + Ko,2y2 + a2Δu∗S
5   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⎡
⎣ χ˙1χ˙2
y˙∗2
⎤
⎦ =
⎡
⎣ 0 0 −Kc,2Ko,1
a1
a2
Ko,2
a1
a2
−Ko,2 −Kc,2Ko,2
−a1a2 1 0
⎤
⎦
⎡
⎣ χ1χ2
y∗2
⎤
⎦
+
⎡
⎢⎣ Kc,2Ko,1
(
a1
a2
)2
+ Kc,1Ko,1 −Kc,2Ko,1 a1a2 −Ko,1a1 0
(Kc,1 + Ko,1)a2a1 + Kc,2
a1
a2
Ko,2(Kc,2 + Ko,2) −Ko,2a2 0
−a2a1 (Kc,1 + Ko,1) Ko,2 0 a2
⎤
⎥⎦
⎡
⎢⎢⎣
y1
y2
ΔuS
Δu∗S
⎤
⎥⎥⎦
[
u∗
u˜
]
=
[
− 1a1 0 0
0 0 Kc,2a2
]⎡⎣ χ1χ2
y∗2
⎤
⎦+
[
−Kc,1+Ko,1a1 0 0 0
−Kc,2 a1a22 −
Kc,2
a2
0 0
]⎡⎢⎢⎣
y1
y2
ΔuS
Δu∗S
⎤
⎥⎥⎦
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 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 	
u = −
(
Kc,1 + Ko,1
a1
+ Kc,2
a1
a22
)
y1 − Ko,1
a1
(
Kc,1 + Kc,2
(
a1
a2
)2)∫
y1 dt
− Kc,2
a2
e2 − Kc,2Ko,1
a2
∫
e2 dt
= − 1
a1
(
Kc,1 + Ko,1 + Kc,2
(
a1
a2
)2)⎛⎜⎝y1 + Ko,1 Kc,1 + Kc,2
(
a1
a2
)2
Kc,1 + Ko,1 + Kc,2
(
a1
a2
)2
∫
y1 dt
⎞
⎟⎠
− Kc,2
a2
(
e2 + Ko,1
∫
e2 dt
)
= −KP,1
(
y1 +
1
τI,1
∫
y1 dt
)
−KP,2
(
e2 +
1
τI,2
∫
e2 dt
)
 (
y∗2 =
a2
a1
(Kc,1 + Ko,1)
∫
y1 dt
$ '7 "   ' 1	 -"  
−
(
Kc,1Ko,1
a2
a1
+ Kc,2(Ko,2 −Ko,1)a1
a2
)∫ (∫
y1 dt
)
dt
+ Ko,2
∫
e2 dt + Kc,2(Ko,1 + Ko,2)
∫ (∫
e2 dt
)
dt
=
a2
a1
(Kc,1 + Ko,1)
⎛
⎜⎝∫ y1 dt + Kc,1Ko,1 + Kc,2(Ko,2 −K0,1)
(
a1
a2
)2
Kc,1 + Ko,1
∫ (∫
y1 dt
)
dt
⎞
⎟⎠
+ Ko,2
(∫
e2 dt +
Kc,2(Ko,2 −Ko,1)
Ko,2
∫ (∫
e2 dt
)
dt
)
= K∗I,1
(∫
y1 dt +
1
τ∗II,1
∫ (∫
y1 dt
)
dt
)
+ K∗I,2
(∫
e2 dt +
1
τ∗II,2
∫ (∫
e2 dt
)
dt
)
 (
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5+ $%(H
y˙1 = −
(
Kc,1 + Kc,2
(
a1
a2
)2
y1
)
−Kc,2a1
a2
e2  !(
e˙2 = −Kc,2
(
a1
a2
y1 + e2
)
 !(
 5+  !( 23 	"   3 -2 "  + 
H
y¨1 = −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y˙1 −Kc,2a1
a2
e˙2  (
5+  ( "  2  -2 1  ;	  !(H
y¨1 = −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y˙1 −Kc,2a1
a2
(
−Kc,2
(
a1
a2
y1 + e2
))
= −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y˙1 +
(
Kc,2
a1
a2
)2
y1 + Kc,22
a1
a2
e2  $(
  '3	  ' 3
 ;	 - e2 "  ;" - 5+  !(H
e2 = −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y1 + y˙1
Kc,2
a1
a2
  (
9 3  - 5+  !( 5+  $( "  	  -2H
y¨1 = −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y˙1 +
(
Kc,2
a1
a2
)2
y1 + Kc,22
a1
a2
e2
= −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y˙1 +
(
Kc,2
a1
a2
)2
y1
−Kc,22 a1
a2
(
Kc,1 + Kc,2
(
a1
a2
)2)
y1 + y˙1
Kc,2
a1
a2
= −
(
Kc,1 + Kc,2
(
a1
a2
)2)
y˙1 +
(
Kc,2
a1
a2
)2
y1 −Kc,2
(
Kc,1 + Kc,2
(
a1
a2
)2)
y1
−Kc,2y˙1
= −
(
Kc,1 + Kc,2 + Kc,2
(
a1
a2
)2)
y˙1 + Kc,1Kc,2y1  %(
""  3  "  +
y¨1 + 2ξωy˙1 + ω2y1 = 0  &(
3 "3"" -+"1 ω  3 	 -" ξ 
ω =
√
Kc,1Kc,2, ξ =
Kc,1 + Kc,2 + Kc,2
(
a1
a2
)2
2
√
Kc,1Kc,2
 (
K 3 81 - 3 "" " 3 	 -" ξ 	 
3  2 a1  a2  Kc,1  Kc,2 "   "3  
;	
,-   	 -" p   1  	 q  # "3
3
Kc,2 = pKc,1, a2 = qa1, p, q > 0
3 -2 ;	 - 3 "3"" -+"1  3 	 -"
 
ω =
√
pKc,1, ξ =
1 + p + pq2
2
√
p
%4(
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03< t < 13 BD AD ωD
F 88.23 3−1 6.83 3−1 103 3−1 3 3−1
cC2F 0.0036 −0.0016 0 3 3−1
cC3F 0.281 −0.011 0.02 3 3−1
ciC4F 0.236 −0.00128 0.02 3 3−1
cnC4F 0.4746 0.0254 −0.04 3 3−1
ciC5F 0.004 0 0 3 3
−1
cnC5F 0.0008 0 0 3 3
−1
TF 320 < −3 < 10 < 3 3−1
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